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HECKE CORRESPONDENCE, STABLE MAPS AND THE 
KIRWAN DESINGULARIZATION 

YOUNG-HOON KIEM 


Abstract. We prove that the moduli space Mo.ofN, 2) of stable maps 
of degree 2 to the moduli space 3sf of rank 2 stable bundles of fixed 
determinant over a smooth projective curve of genus g has two irre¬ 
ducible components which intersect transversely. One of them is Kir- 
wan’s partial desingularization Mi of the moduli space Mi of rank 
2 semistable bundles with determinant isomorphic to 0 x{y — x) for 
some y £ X. The other component is the partial desingularization of 
PHom(sl(2) v , W)//PGL(2) for a vector bundle W = J? * 1 7r*T _2 (— x) of 
rank g over the Jacobian of X. We also show that the Hilbert scheme 
H, the Chow scheme C of conics in N and Mo,o(M, 2) are related by 
explicit contractions. 


1. Introduction 

Let A be a smooth projective curve of genus g > 3 over the complex 
number field. We fix x G X throughout this paper. The moduli space 
N of rank 2 stable bundles over X with determinant 0x (— x ) is a smooth 
projective Fano variety whose Picard group is generated by a very ample 
line bundle 0. (See [2j.) The problem that we address in this paper is the 
following. 

Problem 1.1. Describe explicitly the moduli space Mo,o(N, d ) of stable maps 
to N of genus 0 and degree d. 

Obviously the degree of a stable map / : C —> N is defined as the degree of 
/*0. The expected dimension of Mo,o(N, d) is 3g — 6 + 2d by Riemann-Roch 
since ci(TN) = 20. When d = 1, V. Munoz (Tproved that Mo,o(N, 1) is 
isomorphic to a Grassmannian bundle Gr{ 2, W) over J = Pic°(X). (See also 
mo Here W = 2 (— x) is a vector bundle of rank g over J where 

L is a Poincare bundle over J x X and 7Tj : J x X —> J is the projection. 

The purpose of this paper is to study the d = 2 case. This is particularly 
interesting because of Hecke correspondence which has been one of the most 
powerful tools in the study of moduli spaces of bundles. Let M.y be the 
moduli space of rank 2 semistable bundles E with detE = 0 x(y ~ %) for 
some y € X. This is a (3 g — 2)-dimensional singular projective normal 
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variety which fits into a Cartesian diagram 

M a - c -> M(2,0) 

det 

a c - >j 

where M (2,0) is the moduli space of semistable bundles of rank 2 and degree 
0 over X and the bottom map is y > 0 x(y — x). Hecke correspondence 
refers to a diagram 

(1.1) 5f 



Xxl M x 

where q\ is the projectivization of a universal bundle over IN’ x X and qo is 
a P 1 -bundle over the stable part M^. Hence for any 9 G we have a 
stable map 

which is of degree 2 m)- By O, parameterizes stable maps to N 
and hence we have a morphism 

M a x ^M 0 ,o(W,2) 

which is injective and birational onto an irreducible component. We prove 
that this component is precisely Kirwan’s partial desingularization Mx of 
Mx- 

Kirwan’s partial desingularization is a systematic way to partially resolve 
the singularities of GIT quotients. The partial desingularization Mx of Mx 
(see W) is the consequence of two blowups first along the deepest stratum 

(1.2) X := {£ € J | £ 2 = 0 x(y ~ x) for some y G X} 

which is the locus of bundles £ © £, £ G X and then along the proper 
transform of the middle stratum 

(1.3) Xj := {(£i,£ 2 ) G J x J | £i £ 2 = 0 x(y - x) for some y G X}/Z 2 

which is the locus of bundles £i © £ 2 , (£ 1 , £ 2 ) £ Xj where Z 2 interchanges £1 
and £ 2 . The upshot is an orbifold Mx which is singular along a nonsingular 
subvariety = P(5 2 yi^.) where Aj- —>• Gr{ 2, Wo) is the universal rank 2 
bundle on the relative Grassmannian of the bundle Wo = ii 1 vr*(C q 2 (—x)), 
To being the Poincare line bundle over X x X and n : X x X —>■ X being the 
projection. By blowing up Mx along A ^ we obtain a (full) desingularization 
Mx of Mx • The exceptional divisor of the last blowup is 

(1.4) A^ = P(5 2 ^) x Gr(2>Wo) P(WoM* © rf) 
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for some line bundle p over Gr( 2, Wo) and the normal bundle is 0(—1, —2) 
on the fibers P 2 x P s ^ 2 over Gr(2,Wo). The blowup — »• Mx is the 

contraction of ¥(Wo/A x © v)- 

Although the partial desingularization Mx has been quite useful espe¬ 
cially for cohomological computations, its moduli theoretic meaning has 
been unknown. We prove the following in this paper. 

Theorem 1.2. (1) The partial desingularization Mx is isomorphic to the 
irreducible component of Mo^N, 2) containing the image ofM x . 

(2) We have 


(1.5) 


Mo,o(N, 2) = Mx U Qj 


where Qj = Mo,o(PW/J, 2) is the partial desingularization of the GIT quo¬ 
tient Qj = PHom(s£(2) v , W)//PGL(2). The two irreducible components in¬ 
tersect transversely along the partial desingularization Q x = Mo,o(PWo/Ab 2) 
of the GIT quotient Q x = PHom(sZ(2) v , Wq)//PGL(2). 

In I)], a strategy for computing the intersection pairing of the partial 
desingularization of a GIT quotient is provided and the intersection pairing 
of the partial desingularization of the moduli space M(2, Ox) was studied 
in [Jj. By Theorem o the results of [2] should give us the second or¬ 
der deformation of the quantum cohomology ring of AT. Since the quantum 
cohomology ring is in principle understood m, we didn’t pursue the com¬ 
putation. 

A problem closely related to Problem 1 1.1 1 is the following. 

Problem 1.3. Describe explicitly the Hilbert scheme and the Chow scheme 
of curves of degree d, i.e. subschemes ofl Sf with Hilbert polynomial dm + 1 
with respect to the ample generator 0. 

When d = 1, they all coincide with IVEo.o (TT, 1). We prove the following 
for conics (degree 2 curves). 

Theorem 1.4. The Hilbert scheme H of conics, the Chow scheme C of 
conics and M := Mo,o(N, 2) are related by contractions 


( 1 . 6 ) 


M 



M 


H 



C 


where M is the blowup of the disjoint union of the two components of M 
along the singular loci. The two irreducible components of H are nonsingu¬ 
lar. 
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This paper is organized as follows. In §2 and §3, we classify rational curves 
in 1ST. In §4, we study the moduli space of stable maps to a projective space. 
In §5, we recall the Hecke correspondence and the partial desingularization 
Mjf. We prove Theorem 11.21 in §6 and Theorem rm in §7. 

I am most grateful to Professor Michael Thaddeus for sharing his remark¬ 
able insight that the partial desingularization Mx must be the irreducible 
component of Mo^^, 2) containing Hecke curves. I am also grateful to 
Professor Ravi Vakil for answering a few questions. This paper was written 
while the author was visiting the mathematics department of Stanford Uni¬ 
versity. It is my pleasure to express gratitude to Professor Jun Li and the 
mathematics department of Stanford for generous support and hospitality 
during my stay. 

After finishing this paper, Professor Jun-Muk Hwang kindly informed me 
of [2] where A.-M. Castravet studied rational curves in Af. There seems to be 
some overlap with her paper and §3 of this paper. I apologize for any overlap 
with P| although our motivations and main results are totally independent. 

2. Examples of stable maps to N 

In this section we consider various examples of rational curves in the 
moduli space 1ST of stable rank 2 bundles with determinant Ox(-x). 

2.1. Hecke curves. Let E G M S Y be a stable rank 2 bundle with detE = 
0 x(y ~ x) for some y G X. For v € PE|^ = P 1 , let E v denote the kernel of 
the composition 

E - >E\ y -^C 

of v and the restriction to y. Then E u is a stable bundle with det E u = 
0(—x). On PE| y x X = P 1 x X, we have a canonical map 

(2.1) tt* x E —> 71 -* x E\ y — > 0pb| !/ x{ 2/ }(1) 

where irx denotes the projection onto X. The kernel £ of EB is a family 
of rank 2 bundles on X with determinant 0(—x), parameterized by P 1 . 
Therefore we obtain a morphism f^y : P 1 —► INI since N is the moduli space 
of such bundles. 

Definition 2.1. For E G with detE = 0 x{y — x), the induced mor¬ 
phism : P 1 —> Af is called a Hecke curve. 

Conversely, suppose the pull-back £ of a universal bundle on N x X to 
P 1 x X by / x idx for a morphism / : P 1 —► N fits into an exact sequence 

(2.2) 0 —* £ —+ tt x E —> 0 P i x{y} (l) —> 0. 

Then / is a Hecke curve as it is given by E\ y ® Opi x { y } Opix{y}(l) which 
is unique modulo the action of PGL{ 2). 

Upon restricting Q to P 1 x {y} we get a map 

filpixjy} —>• °P 1 x{ 2 /}( -1 ) 0 
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and thus an exact sequence 

(2.3) 0 —► TT* x E{—y) —> £ —> Opi x{y} (— 1) —► 0. 

So we obtain the following with F = E(—y). 

Lemma 2.2. Let f : P 1 —> Dsf be a morphism such that the pull-back £ of 
the universal bundle on d Sf x X by f x idx fits into an exact sequence 

(2.4) 0 —> ttxF —> £ —> O plx{j/} (—1) —> 0 

for a rank 2 bundle F and y E X. Then f is a Hecke curve. 

We recall the following results of Narasimhan and Ramanan. 

Theorem 2.3. m § 5 ] 

(1) For any stable bundle E with detE = Ox(y — %)> fE, y is an embed¬ 
ding and the image is a smooth rational curve in N of degree 2. 

(2) The normal bundle of a Hecke curve is generated by global sections. 

(3) For distinct E E , the corresponding Hecke curves are distinct. 

Proof. We only provide a proof of (3). Let / : P 1 —► 3ST be a Hecke curve 
and let £ —> P 1 X X be the pull-back of a universal bundle over 3Sf x X such 
that £|pi X z = 0 © 0 for general Rl. Then E = 7rx*£ ® ®x(l /) € is 
the unique rank 2 bundle which gives us the Hecke curve / by Theorem 13.21 
and (12.31) . □ 

Remark 2.4. Item (2) implies that H l (P 1 , f*TH) = 0 and hence Mo.o(N, 2) 
is nonsingular at the points of Hecke curves. 

With the Hecke curves, we can generate many more rational curves of 
higher degrees. First, we can compose a degree l map P 1 —* P 1 with a Hecke 
curve fE, y ■ P 1 —> N and get a degree 21 map / : P 1 —> 3sf. In this case the 
pull-back £ of the universal bundle fits into an exact sequence 

(2.5) 0 —► ttxF —> £ —> 0 P i x{2/} (—£) —> 0 

where F = E(—y). Conversely, if a morphism / : P 1 —> 1ST gives us (12.511 » ^ 
should be the composition of a Hecke curve with a degree l covering P 1 —> P 1 . 

More generally, let l\, ■ ■ ■ ,l r be a sequence of positive integers and y i, • • • ,y r 
be distinct points in X. Let E be a rank 2 bundle on X with det E = 
0(yi + ■ ■ ■ + y r — x) such that 

(2.6) degL < -(degI? — r) for any line subbundle L. 

Over PF'|y 1 x • • • x FE\y r x X, we have a canonical map 

TTxE —>• TTxE\ yi ® ■ ■ • ® TT* X E'\y r —> OpB|V lX {j / 1 }(l) ffi • ■ ■ © OpE|^x{y r }(l) 

whose kernel is a family of stable bundles with determinant Ox(~x). Thus 
we have a morphism 

DVf. 


P<x-xP< 


6 


YOUNG-HOON KIEM 


Now degree li maps P 1 —> P E\y. give us a map 

/ : P 1 _ P £|V x ... x FE\l - N 

whose degree is 2{l\ + • • • + l r ). Let us call this a generalized Hecke curve. 
The pull-back £ of a universal bundle fits into an exact sequence 

(2.7) 0 ->■ 7 t x F -> £ ->• ®iOpE|v x{ yi }(-h) ->• 0 

where T = E(—y\ — • • • — y r ). Conversely, if / : P 1 —> N induces £ given by 
(12771) . then / is a generalized Hecke curve. 

Remark 2.5. (12.(il) requires that every elementary modification by an ele¬ 
ment of PF|^ x • • • x PF|y r be stable. But to get a generalized Hecke curve 
we only have to require that the elementary modifications by elements in 
the image of / be stable. 

2.2. Extensions of line bundles. A different way of producing ratio¬ 
nal curves in N is to consider extension bundles. For £ G Pic k (X), let 
PFxt 1 (^,^ _1 (— x)) s = P H 1 (^~ 2 (—x)) s be the locus of extension bundles 

0 —► £ -1 (—x) F —>£—>■ 0 

which are stable. Then we have an obvious morphism 

6 5 : PFxf^r^-T)) 5 -►tt- 

Suppose /' : P 1 —»■ P Ext 1 ^,^ 1 (—a:)) is a morphism of degree a whose 
image lies in FExt 1 ^, £ -1 (—x)) s . Then the composition of f with 6 g gives 
us a stable map / : P 1 —> N. 

When k = 0 it is easy to check that FExt 1 ^, £ _1 (— x)) s = FExt 1 ^, £ _1 (—a?)). 
We recall the following. 

Proposition 2.6. [1 31 6.18] 9 g is an embedding of degree 1 for any £ G 
Pic°(X), i.e. the pull-back of the ample generator of Pic(fH) is 0(1). 

In general, we have the following. 

Lemma 2.7. For £ G Pic k (X), the degree of 9^ is 2k + 1. 

Proof. The universal extension bundle 'll over FExt 1 ^, £ -1 (— x)) s x X fits 
into an exact sequence 

0 -► n*xC\-x) ® 0 P (1) -> U -> tt_K -*■ 0 

By M 6-7], the tangent bundle TP of FExt 1 ^, £~ 1 (—x)) s fits into an exact 
sequence 

0 —► TP —»■ Rfn P ,(U ® tt'xC 1 ) -*■ R 1 * p*0 = H x (X, 0) 0 0 P -> 0 
where 7Tp denotes the projection onto PFxt 1 ^, £ _1 (—x)) s . Since 
dimP Ext 1 (£, fp 1 (—x)) s = 2k + g — 1 

by Riemann-Roch, 

ci(i? 1 7rp*(U ® vr^r 1 )) = ci(TP) = 0(2 k + g). 
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Also we have an exact sequence 

0 —■> U <g> 7 Ty^ _1 —► Endfli —> TT* x f 2 {x) ® 0p(— 1) —»■ 0 
which gives rise to an exact sequence 

0 tf°(£ 2 (x))®0 P (-l) -► R^MU^xC 1 ) -► R^EndoU H\£ 2 (x))®0 p (-1) 

By Riemann-Roch, 

det (H°(£ 2 (x)) ® Op(-l)) -1 ® det (H 1 ^ 2 ^)) <g> 0 P (-1)) ^ 0 P (2k -g + 2) 

Since = R^^EndoU, deg(/*TW) = (2fc - 5 + 2) + (2fc + fl ) = 4k + 2. 

Because ci(TN) is 2 times the ample generator of Pic(N), the degree of / 
is 2k + 1. □ 

As a consequence, a degree a map /' : P 1 —>• PHTf 1 ^, £ _1 (—x)) s for some 
£ G Pic k (X ) composed with 9£ is a map / : IP 1 —> N of degree a(2k + 1). 

The pull-back of a universal bundle on N x 1 by / x idx embeds into an 
exact sequence 

(2.8) 0 -»• 7r^ _1 (-x) ® Op (a) -f £ -► it* x £ -► 0. 

Conversely, it is obvious that any such £ is given by a morphism 

/ : P 1 -> FExt 1 (£,Z- 1 (-x)) 8 -*■ N. 

More generally, if we have a rational map f : P 1 —■* FExt 1 ^,^' 1 (-x)) s 
of degree a, the composition of f with 6 g uniquely extends to a morphism 
/ : P 1 —> 3Xf. The pull-back £ of the universal bundle on Nxl now embeds 
into an exact sequence 

(2.9) 0 —► 7T^^ _1 (—x) ® Op(a) —*■ £ —> 7 t* x ^ <8>Jz —> 0 

for a zero-dimensional subscheme Z of P 1 x X. (See Theorem 18.21 121.1 

3. Classification of rational curves in N 

In this section we show that the examples discussed in §3 are all possible 
nonconstant maps / : P 1 —> IXf. 

Suppose / : P 1 —> 1ST is a nonconstant morphism. The pull-back of a 
universal bundle over !N x X by / x idx is a rank 2 bundle 

£ -*• P 1 x X =: S 

As before, let ir x ,TTp denote the projections of S to X and P 1 respectively. 

The starting point of our classification is the following lemma due to X. Sun. 

Lemma 3.1. (HI §2] Let f : P 1 —> Ixf be a morphism of degree (3 G Z>o and 
£ be the induced vector bundle. Then 

/3 = 2c 2 (£) - | Cl (£) 2 - 
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Proof. It is well-known that f*TX = R l TTp*End{)E and irp^EndoE = 0 by 
stability where EndoE is the traceless part of the endomorphism bundle of 
E. By Leray’s spectral sequence and Riemann-Roch, we have 

X (S, End 0 E) = - X (P\ f*TN) = -(3g - 3 + 2/3) 

since degci(/*TN) = deg/*ci(TN) = 2/3. On the other hand, by Riemann- 
Roch for S we have 

x(S, EndoE) = / ch(EndoE) ■ tdx ■ tdpi = —3 (g — 1) — C 2 (EndoE). 

Js 

Therefore /3 = \C 2 (EndoE ) = 2c2(£) — ^ci(£) 2 . □ 

By tensoring with npQ(d) for suitable rf€Z we may assume that £| P i x r^i 
for general z is (Dpi (a) © (Dpi for some a > 0. This doesn’t change the 
morphism / since tensoring by TTpO(d) gives us an equivalent family of 
stable bundles. We recall the following result of Brosius. 

Theorem 3.2. p] Theorem 1] Let E be as above. Then E belongs to an 
exact sequence 

0 £' -> £ -f E" -»• 0 

such that the following hold. 

(1) If a = 0, there exist a rank 2 bundle F on X and Z £ Hilb l (S ) for 
some l > 0 such that E' = n* x F and E" = Iz<zY is the ideal sheaf of 
Z inY = TTf^TTx{Z). 

(2) If a > 0, there exist a line bundle f £ Pic k {X) for some k > 0 and 
Z £ Hilb l {S ) for some l > 0 such that E' = 7t^£ _1 (— x) ©7TpOpi(o) 
and E" = Iz ® 7r * x 

Furthermore, E' and E" are unique up to isomorphism. 

Definition 3.3. We say / is of Hecke type when (1) holds and / is of 
extension type when (2) holds. 

Remark 3.4. (1) Suppose / is of Hecke type. If l = 1, / is a Hecke curve 
by (12.41) because IzcY — OpixR}(~ 1) f° r V = 71 x(Z ). When l > 1, / is a 
generalized Hecke curve by (EH). 

(2) Any extension 

0 —s- 7ix£ -1 (— x) ® 7TpOpi (a) —> £ —> Iz ® Tt*xi —^ 0 

is locally free since the Cayley-Bacharach property is satisfied (p.) Theorem 
5.1.1]) from the vanishing 

H°(n* x K x ®n* x £, 2 {x)®ir* P 0(-a)®Tr* P K P i) = H°(X, K x ®(, 2 (x))®H°(F 1 , 0(—a—2)) = 0. 

(3) If / is of extension type and l = 0, then / is a line in PH 1 (—x)) s . 
When l > 0, / is given by a rational map P 1 ---» Pof degree 
a. 

By direct computation with Lemma rm we obtain the following useful 
lemma. 
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Lemma 3.5. With notation as in Theorem I.V.M (3 = 21 for the Hecke type 
maps and (3 = 21 + a( 2 deg£ + 1 ) for the extension type maps. 

We can now classify rational curves of degree < 2 in 3ST. 

Proposition 3.6. Let f : P 1 —> N is of degree < 2. Then f is one of the 
following. 

(1) / is a Hecke curve for some y G X and a stable rank 2 bundle E 
with determinant OxilJ ~ x ) 

(2) f is a conic in P H 1 (!(~ 2 (—x)) for some £ G Pic°(X ) 

(3) f is a line in P H 1 (^ 2 (—x)) for some f G Pic°(X). 

The degree of f is 2 for (1) and (2) while 1 for (3). 

Proof. By Lemma 13.51 (3 = 1 is possible only when / is of extension type 
with l = 0, a = 1, deg£ = 0. This holds exactly when (3) above holds. 
Suppose (3 = 2 now. If / is of Hecke type, then l = 1 which means / is a 
Hecke curve. If / is of extension type, then l = 0, a = 2 and deg£ = 0 which 
means that / is a conic in Piil 1 (^ _2 (—x)). □ 

As a first consequence, we obtain the moduli space Mo,o(N, 1) of stable 
maps of degree 1 . 

Theorem 3.7. |121 Let £ —> Pic°(X ) x X be a Poincare bundle and let 

77 : Pic°(X ) x X —> Pic°(X) be the projection. Let 

Gr{ 2,W) -> Pic°(X) = J 

be the Grassmannian bundle of 2 dimensional subspaces of the bundle 
W = R 1 7r*£T 2 (—x) = R l 77i f Hom(L 1 L~ 1 (—x)) 
of rank g over J. Then we have an isomorphism 

M 0>0 (N,l)-Gr(2,W). 

Proof. Let / G Mo,o(N, 1). By Proposition 13.61 / factors through a degree 
1 map P 1 —> Pi7 1 (^ _ 2 (—x)). Obviously the Grassmannian bundle Gr{ 2,W) 
parameterizes all such maps and thus we get a natural map 

7 : Gr(2, W) —> M 0i0 (N, 1) 

which is bijective by Proposition 12.61 and Proposition 14.61 For a degree 1 
extension type map /, we will see in §6 (Proposition 16.31) that 

f*TX “ 0(2) © 0(l) fc © 0(-l) fc © 0 ; 

for k , l such that 2k + 1 + 1 = 3g — 3. Therefore LT 1 (P 1 , f*TX) = 0 and thus 
Mo,o(N, 1) is normal. To conclude that 7 is an isomorphism by Zariski’s 
main theorem, it suffices to show that 7 is birational. Locally in usual 
topology on the smooth part, 7 is given by holomorphic maps 7 : C n —► C n . 
If the Jacobian determinant is nonzero at some point, then 7 is birational. It 
is an elementary consequence of inverse function theorem that if the Jacobian 
determinant is everywhere zero the map cannot be one to one. So we are 
done. □ 
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Note that Gr(2 , W) is the moduli space of relative stable maps Mo o(PW/J, 1). 
The open dense subset in Mq j0 (N, 2) of irreducible curves consists of sta¬ 
ble maps given in (1) and (2) of Proposition 13.(il In §6, we will prove that 
M 0 ,o(N, 2) consists of two irreducible components: Hecke curves will give 
us an irreducible component of dimension 3g — 2 (isomorphic to the partial 
desingularization of Mx) and the extension type maps will give us an irre¬ 
ducible component of dimension 4g — 4 (isomorphic to Qj = Mo j o(IPW/J, 2) 
in §4). 

When the degree of / is 3, Lemma 13 . 51 savs that / has to be of extension 
type and there are three possibilities: 

(1) l = 0, a = 3, deg£ = 0 

(2) l = 0, a = 1, deg £ = 1 

(3) l = 1, a = l,deg£ = 0. 

The first case is a cubic curve in PExt 1 ^, £ _1 (—x)) = PIL 1 (^ 2 (— x)) for 
£ £ Pic°(X ) and the second case is a line in P H 1 (—x)) s for £ £ Pic 1 (X). 

We claim the third case is impossible. 

Lemma 3.8. Suppose f is of extension type and deg£ = 0. Then l = 0. 

Proof. Suppose l > 0 and let (p,y) £ SuppZ C P 1 x X. When deg£ = 0, it 
is easy to see that the restriction of £ to {p} x X is unstable. Hence this is 
impossible. □ 

The following classification of maps / : P 1 —► N of degree 3 and 4 is direct 
from Lemmas run and l3~8l 

Proposition 3.9. (1) A degree 3 map f : P 1 —> N comes from either a cubic 
curve in P H 1 (£~ 2 (—x)) for some f £ Pic°(X ) or a line in P H 1 (£~ 2 (—x)) s 
for some f £ Pic 1 (X). 

(2) A degree f map f : P 1 —»• N comes from either a quartic curve in 
P H 1 (f~ 2 (—x)) for some £ £ Pic°(X) or a double cover of a Hecke curve. 

4. Stable maps to projective spaces 

In this section we describe the moduli space Mo,o(P 9-1 , 2) of stable maps 
of degree 2 in P^ -1 as the partial desingularization of a GIT quotient. 

Let V be a vector space of dimension g and let / : P 1 —» PH = P ff_1 be a 
degree 2 embedding. Then we have a surjection 

(4.1) H v = H° (PH, 0(1)) -» H°( P 1 ,0(2)) = iL^TP 1 ) ^ sl( 2) 

because iL°(TP 1 ) = LieHut(P 1 ) = sl( 2). Conversely, any such surjection 
gives us an embedding of degree 2. Hence the moduli space of degree 2 
embeddings of P 1 in PH is the quotient 

PHom 3 (sZ(2) v , V)/PGL( 2) 
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where the subscript 3 denotes the open locus of rank 3 homomorphisms. 
The compactification Mo,o(PH, 2) turns out to be Kirwan’s partial desingu- 
larization of the GIT quotient ([2]) 

Q := PHom(sZ(2) v , V)//PGL(2). 

Theorem 4.1. Let Pi = PHomi(sZ(2) v , V) denote the locus of rank 1 ho¬ 
momorphisms in P := PHom(s/(2) v , V). Let P be the blowup of P along 
Pi and let P s be the set of stable points in P with respect to a linearization 
close to the pull-back of Qp(l) [5J §3]. Then we have an SL{2)-invariant 
morphism 

<t>:P s ^ M 0 ,o(PV,2) 
which induces an isomorphism 

Q := P s /PGL{2) — —tM 0 i 0 (PG, 2). 

Remark 4.2. Pf s is the locus of points in P ss whose infinitesimal stabilizer 
is nontrivial. Hence Q = P s /PGL( 2) is the partial desingularization defined 
by Kirwan in T) . 

Proof of Theorem 14.1 1 To obtain 0, we construct a family of stable maps to 
PH parameterized by P s . The evaluation map 

sl( 2 ) v ® Hom(sZ( 2 ) v , V) -*■ V 

gives rise to 

H°{ P 1 x P, 0(1,1)) = sl{ 2) $ Hom(sZ(2) v , H) v H v = H°{ PH, 0(1)). 
Hence we have a rational map 

HP'xPHP'xP-u PH 

which is a morphism on P 1 x P 3 where P 3 = PHoni 3 (s£( 2 ) v , H). Let us look 
at the exceptional points of T. 

Let v be a semistable point in P. Obviously, when the rank of v is 3, 
there is no exceptional point. When the rank of v is 2, let (0, u) G P 1 x P ss 
be an exceptional point. Then we can choose a basis {t, s} of iL°(P’, 0(1)) 
such that the image of v is the span of t 2 and ts. But then v is a strictly 
semistable point whose orbit closure intersects with Pi and thus v becomes 
unstable after blowing up P along Pi jHl §6]. Hence such u is discarded after 
the blow-up. 

Now suppose the rank of v is 1. Then there are two exceptional points of 
the rational map P 1 ---► PH induced by u. But when the two points coincide, 
v becomes unstable after the blowup along Pi by the same reason as in the 
previous paragraph and hence is discarded. Therefore, the exceptional locus 
of 4> consists of two disjoint sections si, S 2 over Pf, the inverse image of Pi 
in P s . In particular, the exceptional locus consists of two codimension 2 
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subvarieties. We blow up P 1 x P s along the exceptional locus and denote 
the blowup map by 


-A P 1 x P s ->■ PF 


(4.2) r 

and let D\,D 2 be the exceptional divisors. The line bundle 
H = p*O p i x p s (l, 1) ® 0r(— D\ — D 2 ) 

is equipped with a surjective morphism V v ® Or —> H by easy local compu¬ 
tation and hence the rational map 621 is a morphism. Therefore, we have 
a diagram of morphisms 

<&op 


->FV 


TT\0 p 


ps 

and hence a morphism : P s —► Mo,o(PV,2). From our construction, it 
is evident that cj) is -PGL ( 2 )-invariant over the dense open set P 3 and thus 
invariant everywhere. 

Since PV is convex, Mo,o(PV, 2) is irreducible and normal. Also by GIT, 
Q is projective and hence the induced map Q —> Mo,o(PV, 2 ) is surjective. 
To prove that it is an isomorphism it suffices to check injectivity. It is easy 
to see by Luna’s slice theorem that the exceptional divisor of Q —> Q is a 
P 9 ~ 2 Xg 2 P 9_2 -bundle over P ^ _1 which is precisely the set of intersecting 
lines in PI/. So we are done. □ 


Note that Mo,o(PV,2) = P S /PGL( 2 ) = Q is singular along the proper 
transform of the quotient Q 2 of the locus of rank < 2 homomorphisms 
P 2 := PHoni 2 (s^( 2 ) v , V) by PGL( 2). In fact the proper transform of P 2 
in P s is the locus of nontrivial stabilizers which are isomorphic to TL 2 . By 
blowing up along this singular locus we get a (full) desingularization Q. 

Proposition 4.3. Q is the variety of complete conics CC(‘. B) where ‘B —> 
Gr(3,V) is the universal bundle over the Grassmannian, i.e. Q is the blow¬ 
up o/P(S' 2 ®) along the locus P(S' 2 ®) of rank 1 conics. 

Proof. For a £ Hom(sZ(2) v , B) for B £ Gr(3,V), consider the composition 
£ v sl( 2)-> sl(2 ) v B 

where the middle map is given by the invariant pairing on sl{ 2). This gives 
rise to an isomorphism 

PHom(s/(2) v , B) // PGL(2) P(5 2 ®) 

and hence an isomorphism of blow-ups 

bl PH om 1 (smy,V)WBom(sl(2) v ,B)//PGL(2) S* W p(S 2 S) P(5 2 23) = CC(B). 
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On the other hand, the inclusion 3 V (g> 0Gr(3,V) induces a morphism 
PHom(sZ(2) v , 3) —> PHom(sZ(2) v , V) which preserves the loci of rank < i 
homomorphisms for i = 1,2. Hence we have a map 

WpHo m i(,/(2)v, B) PHom(^(2) v ,23) —► 6Womi(sZ(2) v ,u)PHom(,sZ(2) v , V). 

As the proper transform of PL/om 2 (s/( 2 ) v , 23) is a divisor of the left side, we 

can further blow up the right side along the proper transform PHoni 2 (s/( 2 ) v , V) 
of PHom 2 (s/(2) v ,H) and get a morphism 

^PiLomi(si( 2 ) v , 2 )IPHom(s/( 2 ) v , 23) —>■ Wp 5 ^ 2 ( sZ ( 2 jvy) Womi(sZ( 2 )v,y)PHom(s/(2) V , H)) . 

The quotient of the right side is the blowup Q of Q and hence we obtain a 
map 

</> : <7<7(3) Q. 

We claim this is bijective and therefore an isomorphism. Since every conic 
uniquely determines a projective plane P B containing it unless it is a double 
line, (f) is a bijective over the complement in Q of the locus of double lines. 

Now from the proof of Theorem 14.11 the locus of the double lines in Q is 
exactly PHoni 2 (s/( 2 ) v , V)//PGL{2) and the normal cones are C 9 _ 2 /Z 2 by 
Luna’s slice theorem. Hence the fibers of Q —> Q over double lines are P 9-3 
which parameterizes choices of 3-dimensional subspaces of V containing the 
image of sl( 2) v . The fibers of (7(7(23) —► Q over a double line corresponds 
to choices of a projective plane PH containing the line and thus P 9 ~ 3 . So (j) 
is an isomorphism. □ 

We have blowup maps 

P(5 2 23) <7(7(3) p^^V) 

Let h\ be the pull-back to (7(7(3) of the ample generator ci(23 v ) of Pic(Gr( 3, V)); 
let L 2 be the pull-back to (7(7(23) of ci( 0 p( S 2 S )(l)); let h 3 be the class of the 
exceptional divisor of <L-b- Then the Picard group of (7(7(23) is generated by 
h \, /12 ) h$. ^ ^ 

The exceptional divisor A of the blowup Q = (7(7(3) —* P(S 2 3 V ) is 
P(H 2 (3 v /O p23 v(-1))) over P3 V =* P(S 2 3 V ). Let A -► Gr(2, V) be the 
universal bundle. Then we have a natural correspondence 

P3 V ^ P (V/A) 

Gr{ 3,V) Gr{ 2,V) 

As a bundle over P [V/A), P(S' 2 (3 v /0pbv(— 1 ))) is the pull-back of P(S' 2 7l) 
and hence 

(4.3) A s* P(H 2 A V ) X Gr( 2 ,V) nV/A) 






14 


YOUNG-HOON KIEM 


Let (7 1 (resp. < 72 ) be the numerical class of a line in a fiber of P(5' 2 yi v ) 
(resp. P (V/A)) over Gr(2,V). Let <73 be the numerical class of a line in a 
fiber of $ 3 . Then it is straightforward to compute the pairing of hi ■ crj for 
i,j = 1,2,3 and obtain the following table: 


(4.4) 


hi /12 /13 

£71 0 1 2 

02 1 0 0 

(73 0 0—1 


Also by direct computation the numerical class of A is — 2h\ + 3 /i 2 — 2 / 13 . 
Hence we have 

(4.5) ai • A = -1, < 7 2 • A = -2, <73 • A = 2 

As a consequence the restriction of OcC(S)(A) t° a fiber P 2 x P 9-3 of A —> 
Gr(2,V) is 0(—1,—2). The contraction of C'C'('B) along P(S’ 2 A V ) of A is 
P(S’ 2 ‘B V ) and the contraction along P(1 //A.) is Q. We can further contract 
P(S’ 2 !B v ) along P (V/A) and Q along P(5 2 A V ). They both give us the same 
variety, say Q. In summary we have the following diagram from contractions 
in different orders: 


(4.6) 



^P(S 2 ./l v ) 

P(S 2 B V ) 
' P (V/A) 


More generally, consider the vector bundle W — > J = Pic°(X) of rank g 
given by W = i? 1 7Tj*L _2 (— x) where nj : J x X —> J is the projection and 
L —> J x X is a universal bundle. Let 

Qj := PHom(.s£(2) v , W)//PGL(2) 

be the quotient of the projective bundle of homomorphisms of sl( 2 ) v to a 
fiber of W J. Let Qj be the blowup of Qj along the locus of rank 1 
homomorphisms, i.e. the partial desingularization of Qj. Then analogously 
as above we obtain the following. 

Theorem 4.4. Qj is isomorphic to the moduli space Mo ) o(PW/J, 2) of 
relative stable maps of degree 2 to PW —► J. 

The partial desingularization Qj is singular along the proper transform 

A j := PHom 2 (s/(2) v , W)/PGL(2) 

of the locus of rank < 2 homomorphisms. The blowup Qj of Qj along 
A j is the variety of complete conics CC(fBj) where ‘Bj —> Gr( 3, W) is the 
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universal rank 3 bundle over the relative Grassmannian. The exceptional 
divisor is 

(4.7) Aj = P(S 2 ^) x Gr(2)W) P(W /Aj) 

where Aj is the universal rank 2 bundle over the Grassmannian Gr(2,W). 
Furthermore we have the following diagram by contractions: 

(4.8) Qj = CC(Bj) 



Theorem m and HU hold similarly for Wo —> X instead of W —> J where 
Wo is the restriction of W via the embedding X <— > J. 

A degree 2 stable map / : C —> Pi7 1 (^ _2 (— x)) for £ G J gives us a degree 
2 stable map / : C —» AT by composing with the embedding 

P = P Ext 1 (£,C 1 (-x)) ^ 7* 

by Proposition 12.(il The bundle PW parameterizes extension bundles of a 
degree 0 line bundle by a degree —1 line bundle and thus there is a natural 
morphism PW —>• N. By Theorem 14.41 and this morphism, we obtain the 
following. 

Corollary 4.5. There is an injective morphism 

A : Qj —► M 0i o(N, 2) 

whose image parameterizes degree 2 stable maps of extension type. 

Injectivity is a consequence of the following result of Narasimhan and 
Ramanan. 

Proposition 4.6. £02 6.19] Let £i / £2 e J. Then P H 1 ^ 2 (—x)) and 
P H l {—x)) intersect if and only if (£ 1 ,^ 2 ) € %j — X. When they meet, 
they intersect at exactly one point transversely. 

In §6, we will prove that the image of A is normal and hence A is an 
isomorphism by Zariski’s main theorem. 

5. Hecke correspondence and partial desingularization 

Let Mx = M.(2,X) (resp. M = M(2, O.y), resp. M(2,0)) be the moduli 
space of rank 2 semistable bundles E with det-E 1 = Ox(y ~ %) for some 
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y E X (resp. det E = Ox , resp. deg E = 0). Then we have a Cartesian 
diagram 

M(2, O x ) c -> M.\- c -» M(2,0) 

det 

{z} c -> x c -> J 

where the inclusion X J is y i—> Ox(y — a;)- 

The projectivization q\ : "K —> N x X of a universal bundle over NxX can 
be thought of as the moduli space of rank 2 bundles equipped with parabolic 
structure. Elementary modification using the parabolic structure gives us a 
family of rank 2 semistable bundles on X with determinant Ox (y — x) for 
some y G X, parameterized by "K and hence we have a map qo : “K ^ Mx- 
Therefore we have the Hecke correspondence 





XxX M x 

Although there is no universal bundle for there is a projective uni¬ 
versal bundle on X X. The restriction “Ko of this P 1 -bundle to by 
the graph 

a : —»■ M s x X X 

of the determinant map det : My —> X parameterizes a rank 2 stable bundle 
E of determinant 0 x{y — x) and a parabolic structure at y for y € X. It is 
elementary to set up moduli problems for IH and 5£o with parabolic bundles 
and see that is the open subscheme of ‘K. Therefore we have 

a family of stable maps 

JC 0 -> ‘K —^ N x X s- X 

Mx 

By definition, this is precisely the family of all Hecke curves in N and we 
obtain a morphism 

iP':M s x ^M 0>0 (N,2) 
which is injective by Theorem 12.Ill (3). 

Lemma 5.1. if' is a birational morphism into an open subvariety o/Mo,o(N, 2). 

Proof. By Theorem 12.51 (2), the image of if' is contained in a nonsingular 
open subvariety of dimension 3g — 2 = dimM^ fBema.rk l2.4l) . Hence if' is an 
injective morphism between nonsingular irreducible quasiprojective varieties 
of the same dimension. By considering the Jacobian determinant as in the 
proof of Theorem 14.71 ib' is a birational morphism to an open subvariety of 
M 0 ,o OH, 2). □ 
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We claim that ip' extends to a morphism ip : Mx —► Mo.o(N, 2) from the 
partial desingularization of Mx ■ 

Kirwan’s partial desingularization has been defined and studied in m- 
See also {5] §§3,5. The singular locus of Mx is the locus of polystable bundles 
E = © £ 2 for £1 , £2 G J = Pic°(X), i.e. 

Kj = {(Cl) 6 ) € J x J | £i £ 2 = 0 x(y - x) for some y € A}/Z 2 

where Z 2 interchanges £1 and £ 2 . If £1 7 ^ £ 2 , the singularity along Xj is by 
Luna’s slice theorem 

c 9 ' 1 © c 9 _ Vc* 

where C* acts with weights 1 and —1 on the summands respectively. When 
Cl = C2, the singularity along X = {£ G J | £ 2 = Ox{y — x) for some y G X} 
is 

Hom(sZ(2) v ,W 0 )//PGP(2) 

where Wo = R 1, k*£jq 2 (—x) is a vector bundle of rank g over X. £0 being 
the restriction of a Poincare bundle on J x X and 7 t : X x X —> X the 
projection. To get the partial desingularization we blow up Mx first along 
the deepest stratum X and then along the proper transform of the middle 
stratum Xj. The exceptional divisor of the first blowup is 

PHom(sZ(2) v , W 0 )//PGL(2) = Q k 

and its intersection with the proper transform of Xj is the locus of rank 1 
homomorphisms 

PHomi (s/( 2) v , W 0 )//PGL(2). 

The proper transform of Q^ after the second blowup is the partial desingu¬ 
larization 

(5.1) Qx = WpHomi©z( 2 )v,w 0 )FHom( S Z( 2 ) v ,W 0 )//PGP( 2 ) 
and the singular locus of Mx is precisely 

:= W PHomi ( s ;( 2 )v )Wo )FHom 2 (sZ(2) v , W 0 )/PGP(2) 
and the singularities are Z 2 -quotients. From §4, 

A^ = P(P 2 yip -4 Gr{ 2, W 0 ) 

where .Ay is the universal rank 2 bundle over the Grassmannian bundle 
Gr(2, Wo) over X. By blowing up Mx once again along A^- we get a (full) 
desingularization Mx- As in Proposition m the proper transform Q^- of 
the exceptional divisor Q y of the first blowup is 

<?<?(%) - Gr( 3, W 0 ) 

and the exceptional divisor of the last blowup Mx —> Mx is 

(5.2) A^ = P(S 2 ^) x Gr(2>Wo) P(WoM* 0 ??) 

for some line bundle y on Gr(2, Wo). Let £ be the proper transform of the 
exceptional divisor of the second blowup. For B G GV(3,Wo), let CC(B) 
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denote the fiber of (7(7(23^-) —> Gr(3,Wo) over B. Then using the notation 
of §4, we have 

P]|cc(B) = ^3 

[^A']lcC(B) = — 2 /ii + 3/l2 — 2/13 
-Kq lcC(B) = - (9 — 4 )/li — 6/12 + 2/13 

by local computation. (See 0 §5].) Using (14.41) . we obtain the following 
table of intersection numbers: 



Qx 

S Ay- 

K- 

M x 

01 

0 

2 

-1 

-2 

02 

1 

0 

-2 

~(s - 3 ) 

03 

-1 

-1 

2 

-1 


In particular, the intersection numbers of the divisor class [Ay] with rational 
curves C\ in the fibers of P^Vk-) and C 2 in P(Wo/.Ay © 77 ) are 

[A^.C^-1, [A-y] • C 2 = —2. 

Hence the restriction of the normal bundle 0-^ (Ay) to the fibers P 2 x P 9-2 
of Ay —> Gr(2, Wo) is 0(—1, — 2). The contraction of JAx along P('Wo/A®?]) 

gives us the orbifold Mx while the contraction of P(S' 2 A^) is a nonsingular 

JC 

44 - 

variety My- We will prove in §7 that this nonsingular variety is one of the 
two irreducible components of the Hilbert scheme H of conics in N. We 
can further contract P(Wo/Ay © rj) to obtain an orbifold My which turns 
out to be an irreducible component of the Chow scheme of conics in DST. In 
summary we have the following commutative diagram whose maps are all 
contractions (in different orders). 



In a §§5,6, we constructed a family of Hecke cycles parameterized by (a 
neighborhood of each point in) the desingularization M(2, Ox) of M(2, Ox) 
and during the proof a family of maps parameterized by the partial desin¬ 
gularization M(2, Ox)- It is straightforward to modify the constructions to 
obtain the following. 

Theorem 5.2. The birational morphism i\)' : My —> Mo,o(W, 2) extends to 
an injective morphism 
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The image of if is an irreducible component parameterizing all stable maps 
of the following types: 

(i) Hecke curves fE, y for E £ , det E = 0 x(y — x) 

(ii) degree 2 maps f : C —> Pi^ 1 (^ _2 (— x)) for £ € X 

(iii) unions of two intersecting lines l\ U I 2 for l\ C P I 2 C 
¥H^\-x)) } ^ 2 )€Xj-X. 

Proof. We leave the modification of [1] §§5,6 to the reader. The local com¬ 
putation in the proofs of Lemma 5.2 and Lemma 6.1 shows that the stable 
maps parameterized by M.y are of the above types. □ 

In §6, we will prove that the image of if is normal and thus if is an 
isomorphism onto an irreducible component of Mo,o(N, 2). 

6. Moduli space of stable maps of degree 2 to X 

In this section we prove Theorem 11.21 By Proposition 16.61 there are only 
3 types of stable maps of degree 2. 

Lemma 6.1. A stable map of degree 2 to N is one of the following: 

(i) Hecke curves fE, y for E £ , det LI = 0 x{y ~ x) 

(ii) degree 2 maps f : C —► P for £ £ J = Pic°(X) 

(iii) union of two intersecting lines l\ U I 2 for l\ C P H l {ff 2 (—x)), I 2 C 
P ff 1 ^—*)Ui^ 2 eJ. 

By Proposition 14.61 if PiL 1 (^ 1 2 (—x)) and PH 1 (£ 2 2 {—x)) intersect, then 
(Ci, ^ 2 ) G Xj — X. Hence stable maps of type (iii) are all contained in the 
image of if : Mx —► Mo,o(N, 2) by Theorem 15.21 

We proved in §5 that there is an injective morphism if : —> Mo.o(^l, 2) 

whose image is an irreducible component M#, which we call the Hecke 
component , parameterizing all stable maps of types (i), (iii) and stable maps 
of type (ii) with £ £ X. We also proved in §4 that there is an injective 
morphism A : Qj —► Mo,o(N)2) whose image parameterizes stable maps of 
type (ii) with £ not necessarily in X. Since Qj is irreducible projective and 
A is an injective map whose image contains the complement of the Hecke 
component, A is bijective onto an irreducible component M^, which we call 
the extension component. Obviously the intersection of the two components 
parameterizes degree 2 maps / : C —> PiL 1 (£ _2 (— x)) for (el. Hence the 
intersection is the image of Q y by both A and if. 

The purpose of this section is to prove the following. 

Proposition 6.2. The Hecke component M u and the extension component 
Mjj are normal varieties intersecting transversely along a subvariety iso¬ 
morphic to Q^. 

Proof of Theorem II .21 As Mx and Qj are irreducible normal projective, A 
and if are bijective morphisms onto normal varieties and thus birational 
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(see the proof of Theorem EH)- By Zariski’s main theorem, ij) and A are 
isomorphisms. □ 


The rest of this section is devoted to a proof of Proposition 16.21 We 
already know that Mo.o(TT, 2) is normal at Hecke curves 1 Remark 12.411 . 

To prove normality at the stable maps of type (ii) and (iii) of Lemma l6.ll 
we need to know the restriction of the tangent bundle T. N of N to rational 
curves in IN' of extension type. 


Proposition 6.3. (1) Let l be a line in P H 1 ^ 2 (— x)) for £ € J. Then we 
have 


f 0(2)©0(l) 9 - 2 ffi0(-l) 9 - 2 ©0 9 if 
\ 0(2)© O(l)^ 1 ffioj-l)^ 1 © Q3- 2 if (g1. 


(2) If f : P 1 —>• PiL 1 (^ 2 (—x)) for £ G J is of degree 2, then 

(no) 0(4)©0(2) 9 - 2 ©0(-2)s- 2 ©09 if 

' \ 0(4)©0(2)9- 1 ©0(-2)9- 1 ©09- 2 if £ex. 


Proof. For a line l C PiL 1 ^ 2 (— x)) = P 9 1 , £ G J, the tangent bundle of 
PiL 1 (| _2 (— x)) restricted to l is 

(6.3) 0(2) © 0(1) 9-2 

The computation of the normal bundle of PiL 1 (^ 2 (— x)) in N is similar to 
the proof of Lemma 12.71 We consider the universal extension bundle it over 
P H 1 {f~ 2 {-x)) x X: 

0 -> n*xC\-x) ® Qp(1) —> R —> TT*xf —> 0 
By T5J 6.7], the tangent bundle TP of PiL 1 (^ _2 (— x)) fits into an exact 
sequence 

(6.4) 0 — ► TP — > R'ttp^U © 7r^" 1 ) R l it P ,0 = H x {X, 0 X ) © 0 P ^ 0 

where 7r P denotes the projection onto P H 1 (£~ 2 (—x)). We also have an exact 
sequence 

(6.5) 0 -*■ It © ttxC 1 -*■ End 0 U -»• tt* x £ 2 (x) © Q P (-1) -► 0. 

This gives us a diagram 

( 6 . 6 ) 

0-> H°(£, 2 (x )) © 0p(— 1)-> i? 1 7Tp*(U © 7ix£ -1 )-> R 1 iTp :¥ EndoU 


iL°(£ 2 (x)) © 0 P (-1) -> H\0 X ) © 0 P H\e(x)) © 0 P (-1). 

Suppose f ^ X. Then iL°(£ 2 (x)) = 0 and H 1 (f i 2 (x)) = C 9 ” 2 . From (16.31) . 

(El and El, we deduce that 

TX| Z =* 0(2) © 0(1) 9 “ 2 © 0(-l) 9 " 2 © 0 9 


when f (j X. 
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Now suppose £ 6 X. Then 77°(£ 2 (x)) = C and H l (f 2 (x)) = C 9_1 . Since 
an extension bundle is uniquely determined by the epimorphism E —* £, we 
have 

TTp^Hom^x^, tt* x ^) = TTp*Hom(U, TT*xC) 
and thus the bottom horizontal in (16.61) is a monomorphism. Because 

H\0) ® 0 P /i7°(£ 2 (x)) ® Op(-l) =* 0(1) ® 0 9 “ 2 
we deduce that 

TN\i “ 0(2) © O(l) 9 " 1 © O(-l) 9 ” 1 © 0 9 " 2 

when £ € X. 

By the same computation for conics, we obtain era . □ 

We prove normality of Mo,o(N, 2) at the stable maps of type (iii) in 
Lemma o Let /i ,/2 : P 1 —> N be the lines li,l? with the intersection 
point 6. Let / : P 1 UP 1 —» N be the morphism from the gluing of the points 
corresponding to 0. From the exact sequence, 

0 -> /*TN -»• f*TN © fiTN -» TN \ g -* 0 

we get the exact sequence 

0-> H°(f*TN) -» © LT°(/ 2 *TN)-> H°(TN\ e ) -> 

-> iL 1 (/*TN)-> Lf 1 (/*TN) © iL 1 (/|TN)-> 0 

By Proposition O (1), = 0 and H°(f*TN) = C 39 " 1 . Hence 

normality at [/] is a consequence of the following. 

Lemma 6.4. © iL°(/|T3Sf) —* H°(TN\g) is surjective. 

Proof. Because £i / £2 and £i £2 = 0 x(y — x), we have £ 1,£2 ^ X. From 
(IQl and ra . we have an isomorphism 

(6.7) TN| 0 = TFH l (^\-x))\g © H\0) © H\g{x)) 

The three summands are respectively the subspaces of positive, zero and neg¬ 
ative degrees for TN|/ 1 . Note that TFH 1 ^ 2 (—x))\g = L7 1 (£f 2 (— x))/Ce\ 
where e± is the extension class of 

0 -> £f 1 (-x) -> E -»■ £1 -> 0 

at 9 = [E}. We also have an exact sequence 

0 -> £^" 1 (-x) -> E -»■ £2 -> 0 

and £i(— y) = £^" 1 (— x). Thus Cei is the kernel of 

1L 1 (£ 1 _2 (-x)) = Ext'fa^f'i-x)) -»■ £?st 1 (£^" 1 (-x),£r 1 (-®)) = 

Therefore, TFEf 1 ^ 2 (— x))\g = i7 1 (£)" 1 £ 2 ) = H l {^{x — y)). From the exact 
sequence 

0 -*■ £f(x - y) -* £|(s) -► 0 y -» 0 
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we get an exact sequence 

o - C - H\e 2 (x - y)) - H\g(x)) - 0 
Hence m is now 

TX\ e = H\i 2 2 {x)) ffi C © H\0) ® H 1 ^j(x)) 

The first three summands are the subspaces of nonnegative degrees for 
while the last three summands are the subspaces of nonnegative degrees for 
TN|; 2 . This implies the desired surjectivity. □ 

Now we consider the stable maps / : C —> N of type (ii) in Lemma 111. II 
Suppose £ ^ X. These stable maps are parameterized by the complement 

M 0i0 (N,2) -il>(M x ) 

which is an open set since is projective. By m , 

h 1 (f*T^) = 5 + 3(g-2) + g = Ag-l 

and hence the dimension of the deformation space at [/] £ Mo,o(N, 2) is 
constantly 4g — 4 which is exactly the dimension of Qj. Hence the dimension 
of Mo,o(N> 2) — ip(M.x) is at most 4 g — 4. But we have a bijective morphism 


(6.8) X ■ Qj - Qx ^ M 0 ,o(N, 2) - ip(M x ) 

By considering the Jacobian determinant, we deduce that Mo^N, 2) — 
ip{ Mx) is irreducible of dimension exactly 4g — 4 and hence it has at worst 
quotient singularities. In particular, Mo,o(N, 2) — ip^Mx) is normal. 

Finally let / : C —> N be a stable map of type (ii) with £ £ X. Then 
/ is in the image of Q<^ both by and by A if is considered as a 
divisor of M.y by ED and as a subvariety of Qj by the embedding X J. 
Hence / lies in the intersection of the two components M# and Mg. By 
(16.211 . h°(f*T3 Sf) = 4 g. The proof of Proposition 16.21 is now complete if 
the deformation of / in M# is cut out by (g — 1) linear equations and the 
deformation of / in Mg is cut out by 1 linear equation, transversal to the 
{g — 1)-equations, on H°(f*TX). 

Let us consider the deformation of / in Mg. By assumption / factors 
through the projective bundle PW over J. The deformation of / as a map 
to PW is from (16.51) 


iL°(I? 1 7r P *(ll<g>7rK- 1 )) 
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using the notation of the proof of Proposition 16.31 By taking cohomology of 

(EH we obtain a diagram 

(6.9) 


0 


0 


ff°(ip7T P 4U®7r^- 1 ))C-» H°(f*TN) - r-H\0 P i(-2)) = C 

H\ 0 A -) C -> H\[H\ 0x|® 0 P i]/0pi(-2))-* H\0 P i(—2)) = C 

0 0 

Therefore the deformation in is cut out by one linear equation given 
by the surjective linear map N) —* H l { 0 P i(—2)) = C in (1(1.91) . This 

implies the normality of the extension component M^;. 

Let us consider the deformation of / in M//. Let r be V’ _1 (/) £ Mj. 

The embedding X ‘—f J gives us a subspace C > H l { Ox)- The deformation 
space Vq of / in the divisor of Mx fits into a diagram 
( 6 . 10 ) 

0 0 0 

i? °(/* TPif i (^- 2 (_ a .))) iJ o^* TPF i^- 2 (_ a .))) H°(f*TPH 1 (£-‘ 2 (—x))) 

Pq -> tf 0 (l?V*(U ® ^r 1 )) C -> H°(f*TX) 

C-> H 1 (Ox) c -> H 0 ([H\O x ) ® 0 P i]/0pi(—2)) 

0 0 0 

The dimension of Vq is at most h°((Dpi(4) © (D P i(2) 9-2 ) + 1 = 3 g . To find 
the image of the deformation of r in the normal direction of the divisor 
Qy in Mjf we look at the local computation in IJ §6]. By [3j (6.5), if we 
deform / (or r) in the normal direction of Q-% in Mx, the diagonal part 
of the transition matrices gives us a normal vector field (z in the notation 
of 0) of the divisor Q^ times the tangent vector field (—£)+■ — tcij in 0) 
of the conic (bij — 2ta,ij — t 2 Cij in I]). In particular, it gives us (Dpi C 
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[IF 1 (Ox) Opi]/Opi (—2) since the pull-back of the normal bundle of by 
/ is Opi (—2) by (15.31) . As the normal deformation is given by a nonconstant 
vector field (—— tCy in [I]), its image of the linear equation H°(f*T3 NT) —► 
C for Mg is nonzero (see Q). In summary, the deformation of / in M# 
is given by an extension of C by Vq which is transversal to Mg and is 
of codimension at least g — 1. The proof is similar when C is reducible. 
Therefore, Mg is normal everywhere and we finished a proof of Proposition 

IQ 

Remark 6.5. If one wants to find the moduli theoretic meaning of the 
partial desingularization of M = M(2, Ox) instead of Mx, we just have to 
consider relative stable maps of degree 2 

T---> Kx 



X 


where T is a flat family of semistable curves of genus 0 over X and Nx is 
the moduli space of stable bundles of rank 2 with determinant 0 x{—y) for 
some y G X. We leave the details to the reader. 

7. Hilbert scheme and Chow scheme 

In this section we describe the Hilbert scheme H and the Chow scheme 
C of conics in DM, i.e. subschemes in IN’ with Hilbert polynomial 2m + 1. 
Let M = Mo,o(N, 2) and M be the blowup of the disjoint union of the two 
components of M along the singular locus A j U Ay. 

We recall the following. 

Lemma 7.1. |131 4.2,4. 3] Let C C D\f be a conic. Then C is isomorphic to 
a conic in P 2 or a total thickening of a line P 1 in P 2 . 

Therefore H, C and M are all isomorphic over the complement of the 
locus A j U A^- of double covers of a line in Af. Thus we have a diagram 

(7-1) m 

\ 

M H 


C 

In BE* §§5,6], we constructed a family of Hecke cycles parameterized by (a 
neighborhood of each point of) the (full) desingularization of M and thus 
obtained a morphism from M to the Hilbert scheme of Hecke cycles. Further 
we proved the map is a blowup of the Hilbert scheme of Hecke cycles. It is 
straightforward to modify the constructions of 4J to prove the following. 
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Theorem 7.2. There is a morphism M —> H extending the birational map 
M --■» H. Furthermore, the morphism is the contraction of ¥ 2 (S 2 A V 7 ) via 

m, (El- 

Next let us consider the natural map from the Hilbert scheme H to the 
Chow scheme C my This is not an isomorphism along the image of 
A j U AThe points in Gr( 2, W) determine a line l in PW and the fibers 
of P(W/>lj) —> Gr( 2, W) parameterize a thickening of l by 0(—1). Hence 
the morphism H —> C factors through the contraction of P(W /Aj) for the 
extension component and of P(W /A^ 0 rj) for the Hecke component. The 
resulting map is one-to-one and the Chow scheme is seminormal. Therefore 
we deduce that the contraction of H is isomorphic to the Chow scheme C. 
So we obtain the following. 

Theorem 7.3. (1) The Hilbert scheme H of conics in N consists of two 
irreducible nonsingular components, intersecting transversely. 

(2) M, H, C are related by (El which is the diagram of contractions of 
A j U A^- in different orders. 
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